One of the general mechanisms that gives rise to the slow cooperative relaxation characteristic of classical glasses is the presence of kinetic constraints in the dynamics. Here we show that dynamical constraints can similarly lead to slow thermalisation and metastability in translationally invariant quantum many-body systems. We illustrate this general idea by considering two simple models: (i) a one-dimensional quantum analogue to classical constrained lattice gases where excitation hopping is constrained by the state of neighbouring sites, mimicking excluded volume interactions of dense fluids; and (ii) fully packed quantum dimers on the square lattice. Both models have a Rokhsar-Kivelson (RK) point at which kinetic and potential energy constants are equal. To one side of the RK point, where kinetic energy dominates, thermalisation is fast. To the other, where potential energy dominates, thermalisation is slow; memory of initial conditions persists for long times, and separation of timescales leads to pronounced metastability before eventual thermalisation. Furthermore, in analogy with what occurs in the relaxation of classical glasses, the slow thermalisation regime displays dynamical heterogeneity as manifested by spatially segregated growth of entanglement.
Introduction.-The current understanding of the relaxation dynamics of quantum many-body systems can be summarised as follows. Interacting quantum systems generically equilibrate: their long-time state after unitary evolution under the system Hamiltonian is, loosely speaking, indistinguishable from the time-integrated state for what concerns expectation values of local observables [1] [2] [3] [4] [5] . Equilibration requires that the spectrum has no degeneracies in energy gaps (although this condition can be relaxed somewhat) so that stationarity is due to dephasing in the energy eigenbasis. For reviews see [6] [7] [8] .
While equilibration implies stationarity it does not imply ergodicity, as the long-time state may retain information about initial conditions. Most quantum many-body systems, however, are believed not only to equilibrate but also to thermalise [6] [7] [8] : if ρ(t) = e −itH ρ 0 e itH is the state of the system at time t (with = 1), and, A and B are two partitions of the system, the reduced state in A, ρ A (t) = Tr B [ρ(t)] at long times tends to Tr B [e −βH ], with the inverse temperature β set by the expectation value of H in the initial state [6] [7] [8] . This means that expectation values of observables in A at long times take thermal averages, and all memory of initial conditions is lost except for the initial energy. This is the general setup for quantum ergodicity where the system can act as its own thermal reservoir [6] [7] [8] .
Thermalisation can be seen as a consequence of a manybody system obeying the eigenstate thermalisation hypothesis (ETH) [9] [10] [11] [12] . The spectrum of a system for which ETH holds is similar, in the large size limit, to one for which the Hamiltonian is a random matrix with the same symmetries. For large size, local observables become diagonal in the energy eigenbasis, depending smoothly on energy, with effectively random off-diagonal corrections that vanish exponentially with size. This means that expectation values at long times are well approximated by micro-canonical averages in the energy shell set by the initial conditions (or equivalently, canonical averages at the corresponding temperature) and thermalisation ensues.
An exception to the above scenario are integrable systems [13] which equilibrate to a generalised Gibbs ensemble (in contrast to a thermal Gibbs ensemble), and can be thought of as being as ergodic as allowed by their large number of conserved quantities [14, 15] . A second notable exception is that of (non-integrable) many-body quantum systems with quenched disorder that display many-body localisation (MBL) ; for reviews see [38] [39] [40] . Under MBL conditions -typically when the strength of the disorder is larger than some threshold value -ETH breaks down, dynamics becomes non-ergodic, and the long-time state, while equilibrated, depends on initial conditions. One can compare the above considerations to mechanisms for classical non-ergodicity. MBL systems can be thought of as analogous to classical systems in the presence of quenched random fields or interactions, such as for example spinglasses [41] , where frustration in the interactions can be strong enough to give rise to thermodynamic phase transitions to non-ergodic states. In classical systems, however, disorder is not the only mechanism that impedes relaxation. Structural glasses, such as those formed from fluid systems such as supercooled liquids or densified colloids, are non-thermalising systems with no disorder in their interactions [42] [43] [44] . The central ingredients are excluded volume (or steric) interactions that give rise to effective kinetic constraints in the dynamics [45] [46] [47] . In contrast to spin-glasses, it is debated [42-44, 48, 49] whether structural glasses would eventually undergo a phase transition to a truly non-ergodic state, as the phenomenology suggests that given enough time they would eventually thermalise. In this sense they are dynamically metastable and appear non-ergodic on experimental timescales. Similarly, an important open question in quantum non-ergodicity is whether MBL is possible in translational invariant systems or whether in the absence of disorder only quasi-MBL with eventual thermalisation can exist [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] .
In this paper we address the question of slow quantum relaxation in non-disordered systems due to the presence of dynamical constraints. We consider the situation of systems which do obey ETH -and therefore thermalise asymptotically -but where thermalisation is slow due to a separation of timescales in the dynamics that can give rise to pronounced metastability. We consider two prototypical models, a onedimensional (1D) quantum analogue to classical constrained lattice gases [47, [60] [61] [62] , and two-dimensional (2D) quantum dimers on the square lattice [63] [64] [65] . In both cases we show the existence of slow relaxing regimes of apparent nonergodicity over long but finite times when interactions dominate over kinetic energy. As in classical glasses, we find that metastability is associated to spatially heterogeneous relaxation dynamics. Model I: 1D constrained quantum lattice gas.-The first model we consider consists of hard-core particles moving on a 1D strip of a triangular lattice with lattice size L and particle occupation N (see Fig. 1 ; we assume periodic boundary conditions in the horizontal direction). The Hamiltonian is
Here σ
, with |0 i and |1 i the empty and occupied states on site i, respectively, and the sum is over nearest neighbours i, j . The operatorĈ i j = 1 − k n k is a dynamical constraint, where the product is over all sites k that are common neighbours of both sites i and j. As in the case of classical constrained lattice gases [47, [60] [61] [62] , C i j mimics steric restrictions to motion: if particles occupy a finite volume then the presence of neighbouring particles may impede motion, see Fig. 1(a) . Notice that while the model conserves density, it does not have particle-hole symmetry. In fact, the effect of the constraints on the dynamics will only be significant for large filling fractions, where a large number of moves that would be possible in the unconstrained problem is blocked.
The summand in Eq. (1) applies to each bond on the lattice, cf. Fig. 1(a) , and consists of two parts. The first describes nearest neighbour hopping with frequency λ, while the second is an interaction energy between the same neighbours of strength 1 − λ. Both terms vanish if the constraint on the bond is not satisfied, and thus only bonds for whichĈ i j 0 contribute to H. For λ = 1/2 the system is at a Rokhsar-Kivelson (RK) point [63, 66] : the Hamiltonian is equivalent to (minus) the generator of classical stochastic dynamics and the ground state wave function is given by an equal superposition of all classical states for each filling fraction. For λ 1/2 and positive, H QLG is also related to classical dynamics. In this case it is (minus) the "tilted" generator for ensembles of trajectories whose probability is biased by [λ/(1 − λ)]
K with K the total number of particle hops in a trajectory [67, 68] . The ground-state energy of H QLG then gives the large-deviation [69] cumulant-generating function of K. For constrained lattice gases it is known [68] that this has a first-order singularity at λ = 1/2 in the large size limit, corresponding to a quantum phase transition in the quantum problem, cf. Fig. 1(b) .
We now consider evolution of the initial state of the system under the unitary dynamics generated by Eq. (1), |ψ(t) = e −iH QLG t |ψ 0 . We take the initial state |ψ 0 as a product state corresponding to a classical configuration and discard initial configurations with only isolated vacancies as these are dynamically disconnected under Eq. (1). To quantify relaxation we study two-time correlation functions, in particular the siteoccupation autocorrelator
where n i (t) is the Heisenberg-picture number operator and φ = N/L is the filling fraction. Equation (2) corresponds to the connected part of the correlator, scaled so that it goes from c(0) = 1 to c(∞) = 0. Note that given the product state nature of |ψ 0 , the correlation ψ 0 |n i (t)n i (0)|ψ 0 reduces to the expectation value n i (t) for sites i that are initially occupied. In order to smooth out short scale fluctuations we also show the time averaged correlator, c(t), where (·) = t
Figure 2(a) shows the behaviour of c(t) and c(t) for one particular initial condition. For λ = 0.8, such that the kinetic term in H QLG dominates over the potential term, thermalisation is fast. In sharp contrast, for λ = 0.2, where potential energy dominates over kinetic, c(t) displays a pronounced separation of timescales, decaying fast to a non-zero plateau value, and only thermalising at much longer times. This two-step relaxation is characteristic of time-correlators in classical glassy systems [42] [43] [44] . Figure 2(b) shows c(t) for all product state initial conditions. For λ > 1/2 there is little variation between different initial conditions, and all correlators decay rapidly. For λ < 1/2 on the other hand there is a strong dependence on initial conditions, some leading to fast thermalisation, while others to much slower two-step relaxation. In fact, the equal mixture of all initial conditions (infinite-temperature average), [c(t)], is dominated by the slow-relaxing initial states, and displays two-step metastable behaviour for λ < 1/2. The change from one-step relaxation to two-step relaxation in [c(t)] as λ is decreased is shown in Fig. 2(c) .
For λ < 1/2 it is the initial conditions with isolated vacancies, like the one of the Inset of Fig. 2(a) , that give rise to metastability in c(t). This can be understood as follows. For small λ we can consider the hopping term in H QLG perturbatively. In this case the simplest mechanism for relaxation is that of effective hopping of dimers of vacancies, cf. Fig. 1(c,d) , which requires the hybridisation of unperturbed states with energy V. Dimers can therefore diffuse with an effective rate that scales as λ 2 . However, when a dimer encounters an isolated vacancy this mechanism breaks down as the corresponding states become off-resonant and isolated vacancies act as barriers to dimer propagation. This effect can be seen in the Inset of Fig. 2(c) which shows c(t) for the initial state of Fig. 2 (a) for varying λ: the rate λ 2 accounts for the whole correlators in the fast regime (λ > 1/2) but only up to the plateau in the slow regime (λ < 1/2) where subsequent relaxation requires more complex collective processes.
An overall relaxation time τ can be defined as the time when the correlator reaches some threshold value , i.e., [c(τ)] = (or alternatively from the time integral of [c(τ)] up to some cutoff). The values of τ for = 10 −1 are shown in Fig. 2(d) as a function of λ. There is a clear change in behaviour around the RK point, λ = 1/2, from a regime where the timescale grows modestly, to one where τ increases substantially with decreasing λ.
Metastability for λ < 1/2 is associated with dynamically heterogeneous relaxation. This is illustrated in Fig. 3 . The initial state is the product state of Fig. 2(a) , which can be written as ρ 0 = |ψ A0 ψ A0 | ⊗ |ψ B0 ψ B0 | where we have split the system in region A containing the vacancy dimer and region B containing the isolated vacancies. The figure considers three time regimes. Times t 1 correspond to relaxation of region A, with c(t) evolving from c(0) = 1 to its plateau value. This initial relaxation only entangles region A and the state is well approximated by |ψ A (t) ψ A (t)| ⊗ |ψ B0 ψ B0 |, where |ψ A (t) = e −iH A t |ψ A (0) with H A the restriction of Eq. (1) to A. Times t 2 correspond to the metastable regime, where region A is thermalised while region B is not. The state here is |ψ A (t) ψ A (t)| ⊗ |ψ B0 ψ B0 |. Indeed, within regimes t 1 and t 2 the state ρ(t) is almost entirely supported on the subspace H A ⊗ |ψ B0 , where H A indicates the Hilbert space of region A, see Fig. 3 . Only on much longer timescales full entanglement is established between regions A and B, see Fig. 3 . Average local occupation in the three time regimes of c(t) starting from initial configuration of Fig. 2(a) , indicating the form of the system state. Right: The blue curve is the weight of the projection of ρ(t) onto the subspace H A ⊗ |ψ B0 , showing that regimes t 1 and t 2 correspond to growth of entanglement in region A only. The distance between the full time integrated states ρ(t) and ρ(t) Model II: Square-lattice quantum dimer model.-The Hilbert space of the quantum dimer model consists of all close-packed dimer configurations, where each site of the lattice forms a dimer with one and only one of its nearest neighbours [63] [64] [65] . On the square lattice, the Hamiltonian can be represented as
where the sum is over all plaquettes (squares) p of the lattice. The first (kinetic) term flips parallel dimers around a plaquette while the second (potential) counts the number of flippable plaquettes. The RK point of H QDM is at V = 1 which separates the fast versus slow dynamics to be discussed below. A quantity that is conserved by H QDM [65] , and so is analogous to the occupation N for the lattice gas, is the flux (or "tilt")
r x +r y d rµ , where d rµ is the number of dimers, 0 or 1, on the link from site r in direction µ = x, y.
We consider dynamics starting from a given dimer configuration at time t = 0, and define the two-time correlation c(t) = rµ d rµ (t)d rµ (0) , where the sum is over all links and the Heisenberg picture is again used. Similar to the lattice gas notations, we denote by c(t) and [c(t)] the time-integrated average and infinite-temperature average of c(t) respectively [also normalized so that c(0) = 1 and c(∞) = 0, cf. Eq. (2)]. Fig. 4(a) shows c(t) for all starting configurations with Φ = (1, 1) on a 6 × 6 lattice with periodic boundary conditions. In the inset, where V = 0.5, the decay of c(t) is consistently fast; in the main panel, where V = 10, relaxation is instead either fast or slow depending on the initial configuration. The infinite-temperature average [c(t)] displays a plateau before the correlation decays to its long-time limit. In Fig. 4(b) , which shows the same average at various V, one can see that the plateau appears for V 5. The distinction between fast (small V) and slow (large V) dynamics is clearly visible in the lower inset of Fig. 4(b) , where we show the time τ at which [c(t)] reaches certain thresholds = 0.1, 0.2, 0.3 that are below the level of the plateau ( 0.34). For very large V, τ follows a power law, but with an exponent that depends on the choice of . We believe that while the exponent may depend on the details of the relaxation, which involves passing through multiple steps, the presence of a power law is likely physical. The same fast-slow distinction is in fact evident even before the appearance of the plateau, as the upper inset of Fig. 4(b) shows, with a step change in the time taken to reach thresholds = 0.5, 0.7, 0.9 that are above the plateau (note the logarithmic vertical scale in both insets).
These results -that for larger V some configurations show slow relaxation and punctuated decay of correlations -can be understood through a physical picture similar to the one for the lattice gas, in which spatial inhomogeneities play an important role. To illustrate this, we show in Fig. 4(c) the expectation value of the potential energy for each plaquette at various points in the time evolution, for two different initial configurations, labeled in Fig. 4(a) with V = 10. In the top row, which shows a case where correlations decay quickly, the spatial structure of the initial configuration is rapidly lost. By contrast, in the slowly relaxing case shown in the bottom row, spatial inhomogeneity remains even at late times -while some regions of the system have relaxed on a similar time scale to the top row, t ∼ 10 3 , others are substantially unchanged at far longer times, t ∼ 10 6 .
Conclusions.-We have demonstrated dynamical constraint as a new mechanism that impedes relaxation in closed quantum systems without quenched disorder. Our results are for two models, a 1D lattice gas, where the constraint is imposed by the Hamiltonian, and a 2D dimer model, with a constrained Hilbert basis. While both models exhibit thermalization in the long-time limit, we show that for certain parameter values the relaxation is anomalously slow and strongly sensitive to the initial configuration and that the slow trajectories are associated with spatial heterogeneity and barriers to relaxation. Our work is to be contrasted with the recent quasi-MBL studies [55, 58] where plateaus also appear. But their studies consider two-component systems, where one component thermalises fast while the other slow, leading to a separation of timescales. In our case with only one component, the emergence of prethermalisation plateau is completely due to the dynamical constraints. Just as in the case of classical fluids displaying glassy slowdown and arrest [49] , constrained dynamics -either explicit or effective -should be a generic mechanism for slow and spatially fluctuating relaxation in quantum systems.
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